Introduction.
A meromorphic function / is normal in the unit disk D: "'l + u + c2)*
In our investigations, a fundamental role is played by the number C = C tot which the right-hand sides of (1.3) and (1.5) are equal (and hence equal to one); C % 2/3. In particular, if both / and 1// are unbounded on y and C.<C, then lim sup m < lim inf M . As noted in [6, p. 62], the estimate (2.2) is sharp. The function
is bounded by M on Y -|l¡ and equality holds in (2.2) for C = C..
We now investigate the sharpness of the estimate (2.2) in case / is bounded by M on all of Y and unbounded in D. To simplify notation, we henceforth let C = CM be the solution of
As in the introduction, we set C = Cy. Using this notation, (2.2) is equivalent to the inequality C.. < C. Example 1. Let M > 0, and set C = C. , where
Proof. The inequality CM < C follows from Theorem B. Let
Then C = max 0 (r).
M2 + |z|2"
We have To verify (2.6), we note that as 72 -» + 00 in (2.6), we obtain the valid inequality
From (2.5) and (2.6), it follows that
for some t satisfying 0 < t <MB ecause $ has exactly one zero for 0 <r < 1,
If í is a limit point of the sequence {t } and we formally compute the limit as 72-» + 00 in (2.7), we find that t satisfies (2.9) / + 2 = zM2¿e2(1+i).
However, (2.9) has exactly one solution for t > 0 and thus t = lim tn. Moreover, since t satisfies (2.9), t maximizes the function i + mV<1+í)
for which tff'(t) = 0 reduces to (2.9). If we set t = (l + C2)^ -1, then some We choose zn = -in -tj/in + l). Then Cm -(l -|wj 2)«*Un), where a/n is determined by (u/ -x )/(l -x w/ ) = z . We find \w -e-b/n J \l-w}
As noted in (2.3), Cg = CM. This reestablishes Example 1. The maximum principle is applied to / in the region bounded by y ,r,y +,, r; our notation here is that used in the proof of (3. Choose a sequence {zfcj in Af such that lim zk = £ and such that (3.9) |/U4)|>iM' + * U=l,2,...).
We can also assume that the Riemann surface of / over the extended plane (sphere) has no branch points over any of the radial segments Rk = \w : \wk\ < \w\ < + oo, arg w = arg wk, wk = fizJU We shall make use of the estimate (3-3) in the following form. We now show that C cannot be replaced by any larger number in Lemma 2 and Theorem 2. Since / has radial limits of modulus R > R at almost every point of y, we conclude that the diameter of U, tends to zero as k -» + ». Thus \w\ < R lies in the set of boundary values of / at £. Since R can be chosen arbitrarily close to R, we conclude that \w\ < R is the set of boundary values of / at £.
In the foregoing discussion, we have assumed .that no point of y is a limit point of poles of /. The following theorem shows that this is the case if C, is sufficiently small. 
